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Abstract 

A partially hyperbolic diffeomorphism / is structurally quasi-stable if for any diffeomorphism g 
C 1 -close to /, there is a homeomorphism % of M such that nog and f on differ only by a motion r 
along center directions. / is topologically quasi-stable if for any homeomorphism g C°-close to /, 
the above holds for a continuous map 7r instead of a homeomorphism. We show that any partially 
hyperbolic diffeomorphism / is topologically quasi-stable, and if / has C 1 center foliation Wf, 
then / is structurally quasi-stable. As applications we obtain continuity of topological entropy 
for certain partially hyperbolic diffeomorphisms with one or two dimensional center foliation. 

Introduction 

The motivation of this paper is to study topological properties of partially hyperbolic systems which 
are similar to those of uniformly hyperbolic systems. 

Partial hyperbolicity theory was first studied in the work of Brin and Pesin ([5]) which emerged in 
attempts to extend the notion of complete hyperbolicity. A closely related notion of normal hyperbol- 
icity was introduced earlier by Hirsh, Pugh and Shub [6] . For general theory of partial hyperbolicity 
and normal hyperbolicity, we refer to [12], [7J, [2J and [3J. 

It is well known that Anosov diffeomorphisms are structurally siafcZe (pQ), that is, if / is an Anosov 
diffeomorphism on a compact manifold M then any diffeomorphism g C 1 -close to / is topologically 
conjugate to /, i.e., there exists a homeomorphism n on M such that 

7T o g = / o 7T. (0-1) 

Moreover, / is also topologically stable(\TE\), that is, for any homeomorphism g C°-close to /, there 
exists a continuous map tt from M onto M such that equation (|0.1|) holds. For partially hyperbolic 
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diffeomorphisms, we can not expect such stabilities because of the existence of the center direction. 
However, since the systems have both stable and unstable directions, we should be able to obtain 
some similar properties if we look at the behavior of the hyperbolic part, and "ignore" the motions 
along the center direction. 

In this paper, we shall investigate the "stability" property of partially hyperbolic systems under 
C° and C 1 perturbations. Let / be a partially hyperbolic diffeomorphism. We show in Theorem A 
that for any homeomorphism g C°-close to /, there exist a continuous map 7r from M to itself and a 
family of locally defined continuous maps {t x : x E M}, which send points along the center direction, 
such that 

7r o g{x) — T/( x ) ° / ° it{x) for all x E M. (0-2) 

In this case we say that / is topologically quasi-stable. Moreover, if center foliation W| of / exists and 
is of C 1 , then we can choose a new family {t x : x E M}, which map points along the center leaves 
such that an equation similar to (I0.2[) holds. The results are given in Theorem B. Theorem B' deal 
with a particular case, i.e., one dimensional center foliation, in which the map r can be determined 
by a flow along the foliation. In Theorem C we obtain structural quasi- stability property of / under 
C 1 perturbation. That is, if the center foliation Wj is C , then for any diffeomorphism g C 1 -close to 
/, 7r is a leaf conjugacy between / and g. 

As applications of the results, we obtain that if / is the time 1 map of an Anosov flow generated 
by a C 1 vector field, then any diffeomorphism g C 1 -close to / is a time 1 + r o / map of a flow, and the 
topological entropy of / and g are close (Theorem D). Also, if / has almost parallel center foliation 
(see next section for the precise definition), then so does any diffeomorphism g C^-close to /, and 
the topological entropy function is locally constant at / in Diff (M) in the case of one dimensional 
center foliation, and continuous at / in Diff°°(M) in the case of two dimensional center foliation 
(Theorem E). 

Our results concerning topological quasi-stability and structural quasi-stability can be regarded 
as generalizations of topological stability and structural stability for hyperbolic systems ([1] and [15]) 
to partially hyperbolic systems. They can also be regarded as generalizations of leaf conjugacy for 
the case that / has C 1 center foliation ([7] and [H]). However, for topologically quasi-stability, we 
do not require any additional assumption on / except for partial hyperbolicity. The methods we use 
for topological and structural quasi-stability are basically the same. We construct an operator in 
the Banach space consisting all continuous sections of the tangent bundle TM which is contracting 
in a neighborhood of the zero section such that under the inverse of the exponential map exp^ 1 , 7r 
and r are given by the fixed point of the operator. The methods are adopted from |15[ 111) and are 
different from that used in [7] . We notice that there is another strategy to investigate the topological 
quasi-stability of partially hyperbolic diffeomorphism using the similar idea in [16] , in which Walters 
obtained topological stability for expansive homeomorphisms with shadowing property. Actually, 
adapting the unified approach in this paper we will show in a forthcoming paper [8] that any partially 
hyperbolic diffeomorphism has the so-called "quasi-shadowing" property. Hence, we can obtain the 
similar results in Theorem A, Theorem B and Theorem B'. 

With some additional condition Y. Hua showed that the topological entropy is continuous near 
the time one map / of an Anosov flow ([9]). Now the fact becomes a direct consequence of our result 
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and a result in [14 . Our results for topological entropy of diffeomorphisms with almost parallel center 
foliation are similar to that in |10) . which is under the assumption that the strongly unstable and 
stable foliations stably carry some unique nontrivial homologies. 

This paper is organized as the following. The statements of results are given in Section [TJ We also 
define some words and notations in the section. In Section [5] we deal with topological quasi-stability, 
including the proof of Theorem A, Theorem B and Theorem B'. The case of structural quasi-stability 
is discussed in Section [3J where we use the facts obtained in Section [2] to prove that the map 7r is a 
homeomorphism to obtain Theorem C. Section [4] is concerning the applications to topological entropy, 
where Theorem D and Theorem E are proved. 



1 Definition, statement of results and notations 

Let M be an m-dimensional C°° compact Riemannian manifold. We denote by || • || and d(-, ■) the norm 
on TM and the metric on M induced by the Riemannian metric respectively. Denote by Diff r (M) 
the set of C r diffeomorphisms of M, 1 < r < oo. 

A diffeomorphism / G DifF (M) is said to be (uniformly) partially hyperbolic if there exist numbers 
A, A',/i and p! with < A < 1 < p and A < A' < pi < and an invariant decomposition T X M = 
E% Vx G M, such that for any n > 0, 

\\d x f n v\\ <CX n \\v\\ asveE s (x), 
C-^A'riMI < \\d x f n v\\ < C(//) n IMI as v G E c (x), 
C~V \H < \\d x f n v\\ as v G E u [x) 

hold for some number C > 0. E X ,E X and E x are called stable, center and unstable subspace, respec- 
tively. Via a change of Riemannian metric we always assume that C = 1. Moreover, for simplicity of 
notation, we assume that A = — . 

Since M is compact, we can take constant po > such that for any x G M, the standard exponential 
mapping exp^ : {v G T X M : \\v\\ < po} — > M is a C°° diffeomorphism to the image. Clearly, we have 
d(x,exp x v) = \\v\\ for v G T X M with ||w|j < po- For any diffeomorphism / : M —¥ M, we take 
p = pf G (0,po/2) such that for any 1,1/6 M with d{f~ 1 (x) 1 y) < p, v G T y M with ||u|| < p, 

d(x,f oexp y v) < p /2. 

Reduce p if necessary such that both sides in equation (|2.3|) and (|2.20p . in the proof of Theorem A 
and Theorem B respectively, are contained in the set {v G T X M : \\v\\ < po}. 

For any given continuous center section u = {u(x) G E^ : x G M} with swp xGM ||u(a;)|| < p, we 
define a smooth map = ri (■, u) on B{x, p) for any iGMby 

TxHv) = exPxiuix) + exp^ 1 y). 

Theorem A. Let f G Diff r (M) be a partially hyperbolic diffeomorphism. Then there exists e £ 
(0, p) satisfying the following conditions: For any e G (0,£q) there exists S > such that for any 
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homeomorphism g of M with d(f, g) < d there exist a continuous center section u and a surjective 
continuous map tt : M — ► M such that 

jro fl (i)=rj^o/o7r(x), x € M. (1.1) 

Moreover, u and tt can be chosen uniquely so as to satisfy the following conditions: 

d(TT,id M ) < e, ^ 
exp 2 : 1 (7r(x)) EE S X (BE% forxtM. 

We mention again here that the theorem does not require any additional condition, provided / is 
a partially hyperbolic diffeomorphism, and g is a homeomorphisms C° close to /. 

If / has C 1 center foliation Wj, then we can require t to move along the center foliation. In 
this case, we denote for any e > 0, £ £ (x) = exp x (H x (e)), where H x (e) is the e— ball in E* © E x . 
Obviously, S e (x) is a smooth disk transversal to E% at x. Since the center foliation is C 1 , we can 

(2) 

conclude that if y is close enough to x, then there exist a locally defined smooth map t x on some 
neighborhood U{x) of x and a constant ifi > 1 independent of x such that for any y £ U{x), we have 

TW(y)eZ E (x)nW c f (y) (1.3) 

and 

d(ri 2 )(y),x) <if 1 d( 1 /,x). (1.4) 

Theorem B. Assume that f £ DifF (M) is a partially hyperbolic diffeomorphism with C 1 center 
foliation VVS. T/ien i/iere exists e$ G (0,/?) satisfying the following conditions: For any e £ (0, £o) 
there exists S > suc/i i/iai /or any homeomorphism g of M with d(f, g) < S there exists a surjective 
continuous map n : M —¥ M such that 

K°g(x) =t^ x) o/ott(x), xeM. (1.5) 

Moreover, tt can be chosen uniquely so as to satisfy the conditions in \1.2\) . 

As a special case, if the center foliation Wj is C 1 and of dimension one, then we can define r more 
directly. Let u £ X c with ||w(x)| = 1 for any x £ M, and (/?* be the flow generated by u. For any 
continuous function f : M — > M, define a smooth map t x ' — t x (-,t) of B(x,p) for any x £ M by 

tW^^O/). 

Theorem B'. Assume that f £ DifF (M) is a partially hyperbolic diffeomorphism with one dimen- 
sional C 1 center foliation Wj. Then there exists eo £ (0, p) satisfying the following conditions: For 
any e £ (0, eo) there exists S > smc/i that for any homeomorphism g of M with d{f,g) < S there 
exists a continuous function r : M — > R and a surjective continuous map n : M — > M such that 

TT Og(x) = T y f( ' x) O / O 7r(x), X g M. (1.6) 

Moreover, f and tx can be chosen uniquely so as to satisfy the conditions in S l.Ofy . 
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Now we consider the structural quasi- stability as g is C 1 -close to /. 

A diffcomorphism / is called dynamically coherent if E cu := E c ®E U , E c , and E cs := E c © E s are 
integrable, and everywhere tangent to W™, Wj and W^ s , the center-unstable, center and center-stable 
foliations, respectively; and Wj and WJ are sub foliations of W5 U , while Wj and W| are subfoliations 
of W| s . By Theorem 2.3 of [13], if / is as in Theorem B then it is dynamically coherent and this 
property is permanent under C 1 perturbation. 

Theorem C. Under the assumption of Theorem B (resp. Theorem B'), if g is a diffcomorphism 
C 1 -close to f, then n can be chosen to be a homeomorphism and hence there exists a homeomorphism 
t^ 2 -* in Theorem B (resp. in Theorem B' ) such that nog — r*- 2 ' o / o 7r (resp. nog — r' 3 -* o f on). 
Also, n and (resp. ) can be chosen uniquely so as to satisfy the conditions in U.ty) if we 
replace E s x and E x l in (11.21) by their smooth approximation E s x and E x respectively. 

Moreover, n sends W™, Wg and Wg S to WS", Wj and Wy respectively. In particular, n is a leaf 
conjugacy from {g,W c g ) to (/,W|). 

Remark 1.1. In fact, if n is one to one, then for anyy G M, x — Tf~ 1 (f~ 1 (y)) is uniquely determined. 
Hence we can define : M — > M by r^ 2 \y) — ^2--i Q /-i(j,))(j/) an d obtain 

n o g{x) = o f o n{x), x 6 M. 

can be defined in a similar way. 

The main result of Theorem C, in particular, leaf conjugacy, is well known ([7], |12j). Our proof 
provides a different approach. 

Example. Let N be a smooth compact Riemannian manifold and h : N — > N be an Anosov diffco- 
morphism. Then the difjeomorphism 

f = hx id s i : N x S 1 — > N x S 1 

is quasi-stable. In particular, if R is a rotation on S 1 close to the identity, and 

g = h x R : N x S 1 — > N x S 1 , 

then we can take n — idjyxs 1 an d T ^ = x R in Theorem C. 

Moreover, Theorem E below gives that the topological entropy is constant in a neighborhood of f 
in C 1 topology. 

As applications of Theorem C, we have the following results about the continuity of the entropy 
We say that a diffeomorphism g is a time 1 + r map of a flow ip for some real function r on M if 
g{x) — ip 1+T ^(x) for any x G M. 

Theorem D. Let f be the time one map of an Anosov flow ip. Then for any diffeomorphism g C 1 - 
close to f, there is a flow ip and a continuous real function r on M such that g is the time 1 + r o / 
map of the flow ip. Hence the topological entropy function is continuous at f in Diff^M) with C 1 
topology. 
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Y. Hua proved the second part of the theorem under the condition that / is topologically transitive 
(!)• 

Let / be a partially hyperbolic diffeomorphism with center foliation Wj. For a smooth surface E, 
we denote E !_ Wj if for any x G E n WS, T X H _L Ej(x). For any two surfaces Si and E 2 that arc 
smooth or are images of homeomorphisms of some smooth surfaces, the holonomy map 9 C : Ex — > E 2 
is a continuous map defined by sliding along the W^-leaves, i.e. for x G E 1: 6 c (x) G E 2 n Wj(x). 

Definition 1.2. A partially hyperbolic diffeomorphism f with integrable center foliation W| is said 
to have almost parallel center foliation if for any a > 0, there exists constant /? > 0, such that for 
any smooth surfaces Ei, E 2 with Ei _L Wy and E 2 _L Wj, /or any x, y G Ei wii/i d(x, y) < /3, we have 
d(6 c (x) , 9 C (y)) < a whenever they are defined. 

Remark 1.3. In the definition we require E x _L and E 2 _L only for convenience. It is clear 
that we can change the definition by requiring the angles between E 1; E 2 and Wj uniformly bounded 
from below. 

Remark 1.4. The requirements of the definition mean that the holonomy maps along the center 
foliation are equicontinuous for all possible holonomy maps whenever they are defined. 

It is clear that each of the maps / and g given by the above example has almost parallel center 
foliation, while Anosov flows do not. 

Theorem E. Let f be a partially hyperbolic diffeomorphism as in Theorem B. If the center foliation 
of f is almost parallel, then any diffeomorphism g that is C 1 -close to f also has almost parallel center 
foliation. 

Moreover, if the center foliation of f is one dimensional, then the topological entropy function is 
locally constant in DifF (M); if f G DifF°°(A/) and the center foliation of f is two dimensional, then 
the topological entropy function is continuous near f in DifF°°(Af) with C 1 topology. 

For the case that the dimension of center subbundle of / is one or two, the same conclusions are 
obtained in [TO] under the assumption that the strongly stable and unstable foliations of / stably 
carry some unique nontrivial homologies. Our proof uses some idea in the paper. 

Denote by X the Banach space of continuous vector fields on M with the norm 

\\uj\\ = sup ||u;(x)||, aiel 

In other words, each element of X is a continuous section of the tangent bundle TM . Similarly, we 
denote by X s , X c and X" the space of continuous sections of the stable, center and unstable bundles 
E S ,E C and E u respectively. Also, we denote X us =X U ®X S . Let 11^ : T X M -> E s x be the projection 
onto E x along E X (B E x . H x and IT" are defined in a similar way. 

Recall that || • || is the norm on TM. We define the norm || ■ ||i on TM by ||w||i = \\u\\ + \\v\\ if 
w = u + v G T X M with u G E x and v G E X ®E X . Similarly, if w = u + v G X with u G X c and v G X us , 
we also define = ||m|| + \\v\\. By triangle inequality and the fact that the angles between E c and 
E u © E s are uniformly bounded away from zero, we know that there exists a constant L such that 

IHI<Mli<£[MI- (i-7) 
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For any e > 0, we denote 

35(e) ={u6l: ||w[| < e}, 93 us (e) = {to G X us : ||w|| < e}, 
58i(e) = {w G X : ||w||i < e}. 

2 Topological quasi-stability 

2.1 The general case 

Proof of Theorem A. We choose 

e o e(0,p) (2.1) 

small enough such that any map 7r with d(jr, idjw) < £o must be surjective (see e.g. Lemma 3 of |15) 
for existence of such £q). 

To find a continuous center section m G X c and a surjective continuous map ir : M — > M satisfying 
and the conditions in (|1.2p of this theorem, we shall first try to solve the equation 

* ° = */8o ° / ° < x ) ( 2 - 2 ) 

for unknown u and 7r. Putting h = go / _1 and 7r(cc) = exp a ,(z;(a;)) for u G 93 us (p), and replacing x by 
f~ l (x), we see that is equivalent to 

exp" 1 o exp Hx) (v(h(x))) = exp" 1 ot| x) o / o exp / -i (a . ) («(/ _1 (ar))) . (2.3) 
By the definition of r x > we have 

exPx 1 ° T x 1) ° / ex Pf-^(x)( v {f~ 1 { x ))) = u{x)+exp x 1 ofoexp f - 1[x) ((v(f~ 1 (x))). 
Define an operator (3 : 93 (p) — > X and a linear operator F : X — >■ X by 

^H(x) =exp- 1 o/oex P/ _ I(x) (( U ;(/- 1 ( a; ))), (2.4) 

W(i)=<i/-iW/w(/" 1 (i)). (2-5) 

Clearly, i^w = dofiw. Let 

i7(tu)(a:) = /3(tu)(a;) - (do0w)(x). (2.6) 

Then we can write 

exp^ 1 or« o / o expy-x^M/- 1 ^))) = (i^)(z) + u(a:) + f/(»)(a;). (2.7) 
Define a linear operator J/j : 93 (p) — > X by 

(4w)(i) = n ^ od o(exp^ 1 oexp ft(;l;) ) o n' h(a:) u;(/i(a;)) (2.8) 

for any u> G 93 (p). Set 

h (w)(x) = exp~ 1 oexp Hx) (w(h(x))) - doiexp' 1 o exp h{x) )w(h(x)) 
+ n L ° ^(cxp,: 1 oexp fc(l) ) o nj i(i) w(/i(a:)). 
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Then we have 

exp- l oexp Hai) (v(h(x))) = (J h v)(x) + 6 h (v)(x). (2.9) 
Also we mention that by definition, 

9 h (0)(x) = cxp^T 1 oexp ft ( x ) = exp^ 1 h(x). (2.10) 

Therefore, by and (pTf]) . ff2T3]> is equivalent to 

Aw + 9 h (v) = Fv + u + r](v), 

further, is equivalent to 

-j-'u + (id* - j- x f) v = j^iviv) - e h (v)). 

Define a linear operator Ph from a neighborhood of G X to X by 

P h iu = -J^u + (id x - J^F)v (2.11) 

for ui = u + v G X, where uCl c and v G X us . 

Define an operator from a neighborhood of G X to X by 

$ h (u + v) = p^j^ 1 {i 1 {v)~e h {v)). 

Hence, equation f|2.2|) is equivalent to 

$ h (u + v) = u + v, (2-12) 

namely, u + v is a fixed point of $/,.. 

By Lemma [2.11 below, we know that for any e G (0,£o) there exists 8 ~ 5(e) such that for any 
homeomorphism h with d(h,i&M) < <5, $^ : ( Bi(e) — » 25i(e) is a contracting map, and therefore has a 
fixed point in 23i(e). Hence, (|2.2p has a unique solution. □ 

Lemma 2.1. FFe can reduce Sq in 12. 1\) if necessary such that for any e G (0,£o) there exists 5 — 
5(e) > such that for any homeomorphism h of M with d(h, idjv/) < 5, $/j(5$i (e)) C < Bi(e) and for 
any us, u' G Si (e), 

Proof. Recall that the constant L is given in (|1.7[) . 
Reduce £o if necessary such that for any e G (0, eo), 

^- x C(s) < \, (2.13) 

where C(e) is the Lipschitz constant of 77(f) given in Sublcmma 12.31 This is possible since by the 
sublemma, C(e) — > as e — > 0. Note that e only depends on /. 
Then we take 5 = 5(e) such that 

4L 1 

-5<-e; (2.14) 



1 - A 4 
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and such that for any homeomorphism h with d(h, idjvf) < 

max{HJ fc ||, HJ^ 1 !!} < min|2, , (2.15) 

where J, is defined in (|2.8|l . and 

AL 1 

tf(ft)< 7 > (2.16) 



1 - A 4 

where -ftT(Zi) is the Lipschitz constant of Oh(-) given in Sublemma 12.41 This is possible since by the 
sublemma, K(h) — ► as e — >• 0. 

By (|2.15[) . Sublemma 12.21 below can be applied and therefore we get 

WP^Wi^j^j- (2.17) 

Note that <//j(X J ) = X 1 for i = s,c,u. Then it is easy to check that 1 1 J r ^ _ """Mi < \\Jh II- Hence by 
dUIS}, we have || J^li < 2. Also, by (23), ,8(0) = and therefore by (ED, r/(0) = 0; and by (|2~TUj) . 
ll^(0)|| < s. 

Take w = u + uG*8i(e) with b6I c and u G X" s . By using the above estimates, Sublemma 12.31 
and Sublemma [231 and then (|2T3) . (l2~T4|) and (|2T6) . we can get 

II^MIIi^llVlli-ll^lli-ll^-^WIIi 

<_1_. 2 .L||^)-^( W )|| 

< ^(h(v) r?(0)|| + - 0,(0)11 + |K(0)||) 

< T ^(^)IMIi + ^)IMIi + ^) 

1 1 1 ii 1 1 1 M 1 3s 

< i i M | 1 + i | M | 1 + - £ < T , 

which implies that $ h (<8i(e)) C fBi(e). 

Similarly, for two elements uj = u + v, uj' = v! + v' S 2$i(e) with u, v! € X c and v, v' € X" s , we 
have 

||* h ( w ) - < Y^iHv) v(v')\h + \\e h (v) 

^^(ll^-^OII + IIW-WII) 

< ^(C(e )\\u - oj% + K(h)\\uj - w'lU) 

< ^llw-w'lli. 

This proves that : < Bi(e) — > 2$i(e) is a contraction. □ 
Sublemma 2.2. For any homeomorphism h of M such that J, satisfies (|2.15[) . is invertible and 

p^lli^^- (2.18) 
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Proof. By the definitions of F and Jh, we have F(X Z ) — X 1 and Jh(X l ) = X 1 for i = u,s, c. Let F l = 
Jh — Jh\x i f° r i = u,s, c. By the definition of Pu we have Ph\x i = id-x 1 — (Jh) -1 ° ^'j * = s ' M i 
and Ph|je c = — (Jh) -1 - So we a ^ so have Ph(X l ) = X 1 for i = s,c,u. 
Since ||F S ||, IKF") -1 !! < X, by O) we know that 

H(J^)- 1 o IK(FM)- 1 o 4"))|| < A • (1 + A-^/2 = (1 + A)/2 < 1. 

Hence, both Ph\x s and P^J^ are invertible and 

oo 

(Phi**)- 1 = (ids. - (j,:)- 1 ° n- 1 = E^r 1 ° ^ s ) fc > 

fc=0 

oo 

(p^r 1 = (id x . - (jfj-'oF-r 1 = -E^r 1 ° J £) fc - 

It follows that 

ii^be-m <max{ii(p A |^r i iui(p ft i^r i ii} < 



l-(l + A)/2 1-A' 
By (|2.15p we also have 

[[(iMsO _1 ||< 114.11 < 2. 

So we obtain 

llP^llr^maxllKP^^r'IMK^I^r 1 !!} < JZT\- 
This is what we need. □ 

Sublemma 2.3. For any < e < p, there exists constant C(e) > such that for any w, w £ 2$(e), 

Hw')-v(w)\\ <C(e)(\\w'-w\\), 

Moreover, C(e) can be chosen in such a way that C(e) — > as e — > 0. 

Proof. Let ^ a : T^-i^M — > T X M be the map defined by /3 X (£) — exp^T 1 of o expj-ir x \ £. Therefore 
I3(w)(f' 1 (x)) = p x (w(f- 1 (x))) for any to £ X. Then by (JUJ), for any w, w' £ X with ||io||, ||to'|| < e, 

=ii^(^(/-Hx)))-^MrH«)))-*/8x(« / (rH*))-«'(r 1 (»)))ii 

dt (/-i( 2; ))+t( t0 '(/-i( 2; ))-t (/-i( a; )))^(w'(/~ 1 (a;)) - w(f~ 1 (x)))dt 

-d o x (w'(f- 1 (x))-w(f- 1 (x))) 
< sup \\d w ^ x -d /3 x \\-\\w'(f- 1 (x))-w(f- 1 (x))\\, 

where I x = {w(f^ 1 (x)) + t(w'(f^ 1 (x)) — w(f~ 1 (x))) : t £ [0, 1]}. Since d w *f3 x is continuous with w* 
and the continuity is uniform with respect to x, we can take 

C(e) = sup{\\d w{f -i {x)) p x - doPx\\ : to e «8i(e),a; £ A/}. 

Now the results of the lemma are clear. □ 
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Sublemma 2.4. For any h with d(h, idjvf) < p, there exists a constant K = K(h) > such that for 
any w, w' € 23(e); 

\\e h (w')-e h (w)\\<K(h)\\w'-w\\. 

Moreover, K(h) can be chosen in such a way that K{h) — > as d(h, idj^) — > 0. 

Proof. Since the map 9 is C°° with respect to w and h, we can use the same method in the proof of 
the previous lemma to get the inequality. 

Note that if h = idM, then the partial derivative of 9 with respect to w is zero. So we get K[h) — » 
as d(h, idA/) — s> 0. □ 

2.2 The center foliation W c f is C 1 
2.2.1 The general case 

Proof of Theorem B. The proof is similar to that of Theorem A. 

To find 7r satisfying (|1.5[) and the conditions in (|1.2j) of this theorem, we shall try to solve the 
equation 

nog(x)=r^l ) ofon(x) (2.19) 
for unknown tt. Putting ir(x) — exp x (v(x)) with v € *B" s (p), we see that (|2.19[) is equivalent to 

v(x) = exp- 1 or| 2 ) o / o tt^GT 1 ^))). (2.20) 

Define an operator (3 : Q3 us (p) — > X us and a linear operator A : %$ us (p) — > X" s by 

C8(t;))(a;) - exp" 1 ot( 2 > o / o ttK-T 1 ^))), (2.21) 

(A;)(:r) = + A^Wg-^x)), (2.22) 

where 

^g-i(x) = U x ° ^(cxp" 1 ori 2) o / o exp g -i (x) ) o II*- 1(a0 

and 

A g-Hx) = K°do (exp" 1 otP o / o exp 9 - 1 {x) ) o D£_i (x) . 
Let r) = p — A. By (|2~2"T1) and ([2722]) . (j2~20l) is equivalent to 

u = + ?7(w), 

further, is equivalent to 

v — Av = rj{v). 

Define a linear operator P from a neighborhood of G X" s to X" s by 

= (ida>« - A)v (2.23) 

for 

Define an operator $ from a neighborhood of € X us to X us by 

11 



Hence, the equation (|2.19j) is equivalent to 



= v, (2.24) 

namely, v is a fixed point of <f>. 

The remaining work is to show that for any e G (0, eo) there exists 5 = 5(e) such that for any 
homeomorphism g with g?(<?, /) < S, $ : 05(e) — > 05(e) is a contracting map, and therefore has a fixed 
point in 05(e). Hence, (j2 . 19[) has a unique solution. To this end we only need to modify the proof of 
Lemma 12.11 to a easer version since in this case we need not to concern with the center direction. We 
leave the details to the reader. □ 

2.2.2 Wj is of one dimensional 

Proof of Theorem B' . The proof is also similar to that of Theorem A. 

To find 7r and f satisfying (|1.6j) and the conditions in (jl.2|) of this theorem, we shall try to solve 
the equation 

nog{x)=Tfl ) ofo-K(x) (2.25) 

for unknown f and it. Putting h = g o f^ 1 and ir(x) = exjp x (v(x)) with v <E X" s , we see that (|2.25l) is 
equivalent to 

exp- 1 oexp h{x) (v(h(x))) = exp^otp^ o/oexp^i^^f 1 ^))). (2.26) 
Define /3 : 05(p) x <t(p) -> X, where €(p) = {f € C°(M) : \\f\\ < p}, by 

/3(w, f = exp- 1 o/(-) o / o ex P/ _ 1(x) (wf/- 1 ^))) . (2.27) 

It is easy to see that 

(d(a,o)P{u, f)) (x) = (Fuj)(x) + t(x) ■ u(x), 
where F : X -» X is defined in (|2.5[) (also recall that in this case u is a unit center vector field). Let 

n{u, f)(x) = 0(u, f) (x) - (d m P{w, t )) (x). (2.28) 

Then we can write 

exp" 1 o/C*) o / o exp / - 1(x) ( U (/- 1 (x))) = (Fv)(x) + f(x) ■ u(x) + V (v,f)(x). (2.29) 
By (EU) and (|2~2^|) . (|2~2l)l) is equivalent to 

Aw + #/i(i>) = Fv +f-u + r/(v, f). 
where Jh is a linear operator defined in (I2.8[) . Further, the equation is equivalent to 

-J^(f ■ u) + (id* - J^F)v = J^HvM - 0h(v)). 
Similarly we define a linear map Ph by 

P h u> = -Jh\f ■ u) + (ids; - Jh X *> (2-30) 
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for oj = T- u + vd% with v G *B MS (p) and f G . Hence, the above equation becomes 

P h {f -u + v) = J^(r](v,f)-d h (v)). 
Define a map $^ from a neighborhood of € X to X by 

$ h (f -u + v) = P-'J- 1 ^, f) - 9 h (v)). 
Hence, the equation (|2.25[) is equivalent to 

$ h (? - u + v) = t - u + v, (2.31) 

namely, f ■ u + v is a fixed point of 

Also similar to what we have done in the proof of Theorem A, there exists £o G (0>P) such that 
for any e G (0,£o) there exists S = 5(e) such that for any homeomorphism h with d(h, idjvf) < <5 5 

: 23i(e) — > 2$i(£) is a contracting map, and therefore has a fixed point in *Bi(e). Hence, (I2.25|) has 
a unique solution. We leave the details to the reader. □ 

3 Structural quasi-stability 

Proof of Theorem C. We only prove this theorem under the assumption of Theorem B. We shall find 
7r and u using the similar strategy in the proof of Theorem B. Furthermore, in order to obtain a leaf 
conjugacy it we shall give some necessary modification in techniques. 

Since the center foliation of / is C 1 , hence from Theorem 5.10 of [12] and Section 6 of [6], we know 
that if a diffeomorphism g is sufficiently close to / in C 1 topology, then it is also partially hyperbolic, 
the corresponding splitting Eg ffi Eg ffi Eg is near that of / and the center distribution Eg is integrable. 
Now choose C 1 bundle E s © E u sufficiently close to E s g @E^, and hence close to Ej ffi EJ. We want 
to find a continuous center section u G X c and a homeomorphism 7r : M — > M e close to idM such 
that flL5]) holds and 

exp- 1 ^)) &E a x ®E% (3.1) 
for x G M. Put h = g o f^ 1 and ir(x) = exp x (v(x)) for v G X s ffi X", where X s and X" denote the 
spaces of continuous sections of E s and E u respectively. We see that (11.51) is equivalent to 

exp- 1 o exp hix) (v(h(x))) = exp" 1 o T { x 2) o/oexp r i (l) (u(f '(i))). (3.2) 

Then we can write 

cxp- 1 ori 2 ) o / o exp^^KrV))) = (Fv)(x) + u{x) + r]( W )(x), (3.3) 
where lu = u + v G X with u G X c and w G X us , 

(F«)(x)= £ n^^.w/^^t^fr 1 ^)) 

i— s,u 

and 

r](w)(x) = e-xp" 1 ot x 2) o f oe-xp f -i (x) {v(f- 1 (x))) 

-^(exp" 1 o T J 2) o / o exp / -i (2 , ) )w(/" 1 (2;)) 

+ £ rfio^.^/oil^^r't!)), (3.4) 

i— s,c,u,j— s,u,i^j 
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in which II* is the projection from T X M onto E* along © E", where TL X = ILJ. IT^ and II" are 
defined in the similar manner. It is clear that F(X S ) — X S ,F(X U ) — X u . Moreover, for any A < A < 1, 
we can choose g sufficiently close to /, E s © E u sufficiently close to Ej © EJ such that 

pvii, u^vir 1 ^. 

Similar to (|2.9p . we have 

cxp" 1 oexp Hx) (v(h(x))) = (J h v + 6 h (v))(x), (3.5) 

where Jt and Oh is redefined with respect to X = X s © X c © X u . By (|3.3[) and p.5[) , p. 21) is equivalent 
to 

Aw + Oh(v) — Fv + u + T](w). 

From now, we can find it and it in a similar way as we have done in the proof of Theorem B. We omit 
the details. 

In the following, we prove that it obtained above is a leaf conjugacy from (g, Wg) to (/, WS). Since 
the bundle E s © E u is C 1 , (13. ip implies that the restriction of n to each center leaf of g is one-to-one. 
If we can get that ir sends center leaves of g to that of / then by the same arguments of Pesin in 
Lemma 5.11 of |12| we can conclude that 7r is a leaf conjugacy. Therefore, the remaining work is to 
prove that ir sends center leaves of g to that of /. 

Now we show that for any x G M, n(Wg(x)) C Wj(nx). It is enough to show that the set n(Wg (x)) 
is tangent to Ef(irx) for any x G M. Suppose not, then there exist a small number c\ > and a 
sequence of points {yk} C W°{x) with —> x as k — > oo such that 

d(Trz' k , nzk) + d(irz k ,iryk) > cid(nx, ny k ), (3.6) 

where z' k and z k are the unique points such that irz k G WJ {iry k ) and irz' k G Wf(nz k ) Pi Wj(itx). By 
taking a subsequence we may assume that d(nz k ,iry k ) > d(irz' k ,Trz k ) for all k > 0, and the other case 
can be discussed similarly by using / . 

For each k > 0, there exists n = n(k) > such that 

d{g\x),g\y k )) < {^yd{x,y k )<e V < i < n, 

where n' g is the upper bounds of HDg^c || given in the definition of partially hyperbolic diffeomorphism. 
We can see that n(k) ~ — \ogd{x, y k )/ log/^ if \J g > 1, and we regard n(k) = oo if otherwise. Since 
d(7r, idjwr) < £j we have 

d(7r( 5 J a;), ^{g l y k )) < 3e V < i < n. (3.7) 

Since the foliation Wj is smooth, for any x G M there is a coordinate chart U x at a? of size r > 
such that the local leaves of the center foliation can be viewed as parallel disks. For any z G U x , denote 
such a local center disk passing through z by B°Az). We consider the coordinate charts U n ^ g i x ) at 
ir(g l x) of size r, i = 0, 1, • • ■ , n. We assume that r > is small and the coordinates are taken in a way 
such that the metrics on the charts are close to the metric on the manifold. Also, we assume that e 
and 5 are small such that as d(f, g) < 5, all the points ir(g z w) and f(^{g % ~ 1 w)) are in the chart U^i g -i x ^ 
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where w = x, y k , z k , z' k . Since r is a motion along leaves, we have Bf(ir(gx)) = Bf(f(irx)). So by the 
fact that d(f{nz k ),f{-Ky k )) > /i/4«i>m)> we get 

d(B c f (7r{gz k )),B c f (7r(gy k ))) > fid(B c f (7rz k ),B c f (7ry k )) 

for some max{l,/Zg} < fa < [if. Inductively, we have 

d(B° f (v{ 9 n z k )),Bffr( S ry k )) > fl n d(B c f (wz k ),B c f (7ry k )). 

Since nz' k € Wf{-KZ k ) and B c f (ir(g n z' k )) = B c f {ir{g n x), we have 

d(B c f (ir(g l z k )),B c f (n(g t x))) -> as i oo. 

Hence 

d{B c f (ir(g n x)),B c f (ir(g n y k ))) > fi n d(B){irz k ), B c f (ny k )) . 

Since irz k G Wy 1 (7rj/fe), it is easy to see that d{B c j (irz k ), Bf(iry k )^J > C2d{TTz k ,iry k ) for some constant 
C2 > only depends on the system. Also by (|3.6[) and the fact that d(-Kz k ,iry k ) > d{"KZ k ,Tzz k ), we 
have d(TTZ k ,ny k ) > 0.5cid(irx,Try k ). Since y k G Wg(x) and the map tt(x) is along © S*, which is 
a smooth tangent subbundle, we have d(irx,Try k ) > C3d(x,y k ) for some C3 > independent of a; and 
y k . Therefore, we have 

d(B c f (ir(g n x)),B}(ir(g n y k ))) > Cfi n d{x lVk ), 

where C is a constant independent of a;, y k and n. Since n = n(k) increases like — log d(x, y k )/ log fi' g 
and min{l, /u,' g } < fx, we have jl n d{x, y k ) —> 00 as d(x, y k ) 0. This contrdicts to (|3.7[) which implies 
that d(B c f (ir(g n x)),B c f (n(g n y k ))) is bounded. 

Replacing the center leaves by the center-stable leaves or the center-unstable leaves and using 
similar arguments in the above paragraph, we can prove that tt sends Wg S and to Wf S and WS" 
respectively. □ 

4 Applications in the entropy theory 

In this section, we apply our results to continuity of entropy. It is well known that continuity properties 
of entropy are very delicate. Obviously, the topological entropy of Anosov diffeomorphisms is locally 
a constant since it is structurally stable. For partially hyperbolic systems, Hua, Saghin and Xia (\W\) 
proved that for the case that the unstable and stable foliations stably carry some unique nontrivial 
homologies, the topological entropy is locally constant if the center foliation is one dimensional, and 
continuous if the center foliation is two dimensional. Hua ([9]) showed that the topological entropy 
is continuous at the time one map of transitive Anosov flows. In this section, we will use our results 
on the structural quasi-stability to investigate continuity of entropy for some partially hyperbolic 
diffeomorphisms . 

4.1 Time one map of Anosov flow 

Proof of Theorem D. Let g be a diffeomorphism sufficiently close to /. By Theorem B' and The- 
orem C, there exist a homeomorphism it : M — > M with d(7r,idM) sufficiently small and a small 
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f : M ->• R such that 

irog(x) = tp fol(x) {f oit{x)) VieM. 

Now we can define a flow -0 by ^>*(a:) = 7r _1 y>*(7r(:r)) for a; S M and tgR. Obviously, y> and ifi are 
conjugate and 

g( X ) = lp 1+f ° m ( X ) (4.1) 

for any x <E M. By Theorem B of [2], we have that 

(1 + min f(x))h((f) < h(ip) < (1 + maxf (x))%>), (4.2) 

lEM x<EM 

where and /i(V0 are the topological entropies of ip and ^ respectively. From Proposition 21 of 
[I] , we have that for any tgt, 

h(<p*) = \t\hiip 1 ) = \t\h(f) and hit/)*) = \t\hty 1 ). (4.3) 

By flU), 

1+ min fix) , , „ , 1+max rfa:) . 

7i(V> ) < %) < h(i> * eM ). (4.4) 

Therefore, by O, (g3J and we have 

(1 + min f(x)) 2 h(f) < h(g) < (1 + maxf(i)) 2 /i(/). 

Note that |f | — >■ as <? — > /. Hence we conclude that the topological entropy function is continuous 
at /. □ 

4.2 Systems with almost parallel center foliation 

For a smooth surface S, y S S and r > 0, we denote 

a) = {z £ E : d(z, y) < r}. 
The volume growth rate of the unstable foliation of / is defined by 

X u (x, r) = limsup - log Yol(f n Wf(x, r)), 



and 



X u (f)= sup X u (x,r). 

x£M 



(See [IH]-) Clearly, %"(/) is independent of r. x s (/) is defined similarly by using stable manifolds 

Proof of Theorem E. The first part of the theorem follows from Lemma 14.11 below. By Lemma 14.21 
below, the volume growth satisfies x u (f) — X M (ff)- So, following the same arguments in the proof of 
Theorem 1.1 in [TO], we can obtain the second part of the theorem. □ 

Recall that 8 C is a holonomy map defined by sliding the center leaves. When we use the map, we 
will allow the domain to be a nonsmooth surface or even an arbitrary set. Also, we use O'j and 9 c g to 
denote the maps along the center leaves of / and g respectively. 
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Lemma 4.1. Let f be a partially hyperbolic diffeomorphism as in Theorem B and g be a diffeomor- 
phism that is C 1 -close to f. If f has almost parallel center foliation, then so does g. 

Moreover, for any x,y 6 M with y € Wj(n(x)), and any smooth surfaces £/(x) and E g (y) with 
£/(x) _L and S g (y) _L VVg, the map 9 g o 7r : E/(x) — >• S g (y) is uniformly continuous with respect 
to x and y. 

Proof. Take j3 > 0. Take x £ M and y G Wg(x). Let £ g (x) and S a (y) denote the smooth surfaces 
with £ 9 (x) _L W£ and E g (y) _L W°. Denote E 9 (a;,/3) = {z G £ g (x) : d(x, z) < a}. We need to show 
that there exists a > independent of x and y such that 8 g (S g (x, a)) C S g (y, /3). 

Denote !Z g (y,f3) = U ze s g (i/,/3)Wg(z, /3), where W g (z, (3) is the local center leaf of 5 at z of size /3. 
Clearly, lZ g (y,[3) contains a ball about y of radius f3. Since ir is a homeomorphism, vr^ 1 is uniformly 
continuous on M. So there is f3' > independent of y such that Tr(lZ g (y, /?)) contains a ball of radius 
(3' about n(y). In particular, n(1Z g (y, (3)) D T l f(n(y), /?'), where S/(7r(y), /?') is the part of a smooth 
surface £/(7r(y)) that is contained in a ball of radius f3', and £/(7r(y)) _L WS. 

Note that by Theorem C, 7r(Wg(y)) = Wf(n(y)). Since / has almost parallel center foliation, 
there is a' > independent of iv(y) such that #5(E/(7r(x), a')) C S/(7r(y), /3'). 

Consider the set 7£/(7r(x), a ) = U z eiif(n(x),0') H^(z, a'). It contains a ball of radius a' about 7r(x). 
Since 7r is uniformly continuous, there exists a > only depending on a', such that tt^ 1 (lZf(n(x), a')) 
contains a ball of radius a about x. In particular, it contains S„(x, a). 

Now it is easy to check that g (T, g (x, a)) C E g (t/,/3). 

The proof of the second part of the lemma can be obtained in a similar way. □ 
Lemma 4.2. Let f and g be as in Lemma 4.1. Then we have 

x a (g) = *"(/)• 

Proof. Take x G M and r > 0. 

By the last lemma we know that there exists r* > r' > such that 

WJ{n{x),r') C {9 C on){W^{x,r j) cWf{w(x),r*), (4.5) 

where # c is the holonomy map into (7r(x), r*). 

Define ^ n = 0° o 7r, where is the holonomy map into f n WJ (7r(x), r*). It is easy to check that 
(|4.5j) implies 

rw;Mx),r') C ^„(.g"W 3 "(x,r)) C f n W^(n(x),r*) 

for any n > 0. Moreover, by the second part of Lemma |4.1[ we know that for any a > 0, there exists 
f3 > such that for any x G A'/, n > 0, and y G g n W g (x, r), 

The inclusions mean that Condition (b) of Sublemma 14.31 below is satisfied with ip n — ip, W = 
g n W^(x, r) and W = f n Wf{n(x), r') for all n > 0. Since WJ and are smooth submanifolds with 
bounded curvature, Condition (a) of the sublemma holds. 
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Now we apply Sublemma 14.31 to get that there is C > independent of n such that for all n > 0, 

Vol(/ n W?(x,r')) < CVol(g n W;(x,r)). 

Since this is true for any x, we get x"(/) < X w (d)- 

We can apply similar arguments, by using the inverse of n and the fact that g has almost parallel 
center foliation, to get x u (g) < X u (f)- ^ 

Sublemma 4.3. Let W, W, W* C M be k dimensional manifolds with W C W* and ip :W — >■ 
be a one to one map such that W C %p{W). Suppose that for all n > 0, 

(a) f/iere are constants C and C_ such that for any small a > 0, y' £ W' and y £ W, 

VolW'(y',a) < Ca k , Ca k < Vol W(y, a); 

(b) for any a > 0, f/iere is a constant /3 > smc/i that for any y G W with ip(y) € W , 

^(W(y^))cW'^(y),a). 

Then there exists C > 0, only depending on C_, C , a and j3, such that 

Yo\{W') < CVo\(W). 

Proof. Fix a > 0. Take a 2a separated set y[ , • • • , y' tn £ W', that is, d(y ■, j/^-) > 2a for any 1 < i, j < 
i n . We also require that the set has maximal cardinality. Hence, {B\y (y'i, 2a)} form a cover of W . 
So by part (a) we have 

Yo\{W) < £ n -C(2af. 

Take (3 > as in Condition (b) of the sublemma. Since the balls in {W' (y' i: a)} are pairwise 
disjoint, and ipW(yi , (3) C I?w/'(y-,a), where y,; = ?A~ 1 y- € we see that {W(yi,[3)} are pairwise 
disjoint. Hence, 

Vol(W) >£ n -Cj3 k . 

So we have 

Vol(W) < CVol(W), 

where C = C{2a) k /C(3 k . □ 
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